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MAGNETIC FIELD ORIENTATION AND
SPATIAL EFFECTS ON THE RETENTION
OF PARAMAGNETIC NANOPARTICLES

WITH MAGNETITE

Armin D. Ebner, Harry J. Ploehn, and James A. Ritter*

Department of Chemical Engineering, Swearingen

Engineering Center, University of South Carolina,

Columbia, SC 29208

ABSTRACT

The magnetic force exerted on a paramagnetic nanoparticle by a

3-D array of magnetite particles was investigated to extend

previous work that only involved one magnetite particle. The

separation between the magnetite particles in the array, the

orientation of the magnetic field, and the distance between the

nanoparticle and the surface of the magnetite array were studied. At

magnetite particle separations of less than two magnetite

diameters, a reduction in the net force on the nanoparticle

compared to that associated with a single magnetite particle was

realized due to the overlapping behavior of the magnetic fields of

the magnetite array. The net force was still strong to overcome

thermal (Brownian) motion and attract and retain the nanoparticle.
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The magnetite array also gives rise to retention zones at any

orientation of the magnetite field; this was not true of a single

magnetite particle, which exhibited repulsive zones depending on

the orientation of the field. When the separation between the

magnetite particles was greater than two magnetite diameters, the

effect of the array was lost and the nanoparticle interacted

essentially with only one of the magnetite particles. The close

proximity of the magnetite particles and the associated smoothing

effect translated into long-range interactions that leveled off with

distance between the nanoparticle and the array. Although too weak

to retain the nanoparticle, they were suspected to be strong enough

to retain much larger particles approaching the size of the array.

These effects could be explained only by the fact that when the

magnetite particles were closer to each other they started behaving

as a single large particle. Overall, these results suggest that both

nanoparticles and particles of the size the array can be attracted to

and retained by a magnetic matrix comprising clusters of small and

similarly sized magnetite particles.

Key Words: Magnetic forces; Colloidal forces; High gradient

magnetic separation; Magnetite; Particles

INTRODUCTION

In recent years, researchers[1 – 4] have been exploring the use of magnetite

as an alternative magnetically energizable high gradient magnetic separation

(HGMS) element for the removal of particles. Due to its relatively large

saturation magnetization and much smaller size than stainless steel wool,

magnetite can be an effective magnetic element for the removal of even smaller

paramagnetic particles. Moreover, magnetite is well known for its metal ion

adsorptive properties, which also allows it to remove metals present in an ionic

state that are not necessarily magnetic. The first experimental attempt to use

magnetite in this fashion was presented in the work of Kochen and Navratil,[1]

who utilized magnetic polyamine epichlorohydrin (MPE) resin beads coated

with magnetite within a 0.3 T HGMS packed bed. With the MPE resin, a

magnetic field of 0.3 T, and under very alkaline conditions (pH 12), they were

able to effectively remove several times more colloidal plutonium and

americium than with the more traditional stainless steel wool matrix. Shortly

EBNER, PLOEHN, AND RITTER3728

©2002 Marcel Dekker, Inc. All rights reserved. This material may not be used or reproduced in any form without the express written permission of Marcel Dekker, Inc.

MARCEL DEKKER, INC. • 270 MADISON AVENUE • NEW YORK, NY 10016

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
2
6
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



thereafter, Ebner et al.[2 – 4] explored the feasibility and limitations of the HGMS

process like that described by Kochen and Navratil.[1]

Ebner et al.[2 – 4] theoretically compared the magnetic force with Brownian

and other naturally occurring forces (i.e., van der Waals and electrostatic) between

a paramagnetic particle and magnetite under the influence of an external magnetic

field and convective forces and qualitatively explained the experimental results

obtained by Kochen and Navratil.[1] They also concluded that the removal of

paramagnetic particles is perfectly feasible down to a radius of approximately

40 nm, as long as special precautions are taken, in terms of the electrolyte

concentration, to overcome the strongly repulsive electrostatic force. In all these

situations, however, the study was restricted to the limiting case of a paramagnetic

nanoparticle and a single magnetite particle. Although insightful in showing the

relative role of the forces involved when using magnetite in this type of separation

process, studying interactions between only two particles raises an important ques-

tion about the “smoothing” of the magnetic field gradient around a magnetite par-

ticle when it is surrounded by other neighboring magnetite particles of similar size.

Therefore, the objective here is to elucidate the effect of the magnetic force

on a single paramagnetic nanoparticle by a 3-D array of 500 identically sized

magnetite particles. Three relevant variables that affect the net force on

the paramagnetic particle are investigated. These are the distance between the

magnetite particles, the orientation of the magnetic field with respect to

the interface of the magnetite particle array, and the vertical distance between the

paramagnetic nanoparticle and the magnetite array. The net magnetic force is

calculated and compared only to the force associated with random Brownian

(thermal) motion to determine under what conditions magnetic attraction (i.e.,

retention) or repulsion of the paramagnetic nanoparticle occurs.

MODEL DEVELOPMENT

Figure 1a shows the array of equally sized magnetite particles consisting of

10 £ 10 £ 5 magnetite units of radius rm and a paramagnetic nanoparticle of

radius rp placed at any distance above the top layer of the magnetite particle

array. The distances between all the magnetite particles in the array are identical

and the magnetite particles are subjected to a magnetic field Ha that is inclined at

an angle a with respect to the y-axis and lying parallel to the z–y plane. Figure 1b

shows an augmented view of the region in the x–y plane within which the

interactions between the array of magnetite spheres and the nanoparticle are

calculated. The defined region in the x–y plane consists of a square of area

2rmð1 þ sÞ £ 2rmð1 þ sÞ bounded by the centers of the four innermost magnetite

particles of the top layer, where the parameter s is the ratio between the surface-

to-surface distance between the magnetite particles and their diameter.
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The nanoparticle is placed at a distance rm þ rp þ h; where h represents the

surface-to-surface distance from the nanoparticle to the plane that is tangent to

the top layer of the magnetite particles in the array and parallel to the x–y plane.

With the origin being defined at the center of the square, the Z*
p coordinate of

Figure 1. Schematic of (a) the 3-D array containing 10 £ 10 £ 5 magnetite particles and

a paramagnetic nanoparticle, and (b) close-up of the central rectangular region in the x–y

plane at the surface of the array where the magnetic interactions are calculated.
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the nanoparticle is given by

Z*
p ¼ rm þ rp þ h ð1aÞ

with the X*
p and Y*

p coordinates restricted to the following limits

2rmð1 þ sÞ # X*
p # rmð1 þ sÞ ð1bÞ

2rmð1 þ sÞ # Y*
p # rmð1 þ sÞ ð1cÞ

For a magnetite particle i in the array, the coordinates are defined as

X*
m;i ¼ ð29 þ 2ðki 2 1ÞÞ £ rmð1 þ sÞ ki ¼ 1; 2 . . . ; 10 ð2aÞ

Y*
m;i ¼ ð29 þ 2ðli 2 1ÞÞ £ rmð1 þ sÞ li ¼ 1; 2 . . . ; 10 ð2bÞ

Z*
m;i ¼ ð22ðmi 2 1ÞÞ £ rmð1 þ sÞ mi ¼ 1; 2 . . . ; 5 ð2cÞ

The net force on a single nanoparticle due to a 3-D array of magnetite

particles is derived from the application of the superposition property of magnetic

fields.[5 – 8] The expressions for the components of the magnetic force on a

nanoparticle by a single magnetite particle are given by the well-known formula

in spherical coordinates:[2]

Fm;r ¼ 2Vpm0ðxp 2 xmÞ
r3

mMs

r 4

� �

� 2 Ha þ
2r3

m

3r 3
Ms

� �
cos2uþ 2Ha þ

r3
m

3r 3
Ms

� �
sin2u

� �
ð3aÞ

Fm;u ¼ Vpm0ðxp 2 xmÞ

�
cos u sin u

r
2 Ha þ

2r3
m

3r 3
Ms

� �2

þ 2Ha þ
r3

m

3r 3
Ms

� �2
" #

ð3bÞ

where u is the angle formed by the line containing the center of the magnetite

particle and parallel to the applied field Ha, and the lines of centers of the

nanoparticle and the magnetite particle, r is the center to center separation

between these two particles, Ms is the saturation magnetization of the magnetite

particle, Vp is the volume of the nanoparticle, and xp and xm are the volumetric

susceptibilities of the magnetic particle and the medium, respectively. However,

because the expressions given in Eqs. (3a) and (3b) are in spherical coordinates,

they are origin dependent and thus they cannot be used directly to calculate the net
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force of the array on the nanoparticle. This problem is resolved if each of the

magnetite–paramagnetic particle interactions defined according to the spherical

coordinate system of Eqs. (3a) and (3b) are transformed into the common

Cartesian coordinate system presented in Fig. 1. In this way, the superposition

principle can be used to sum directly the components of all the individual pair

interactions. After this transformation, the net magnetic force is given simply by

Fm; j ¼
XN

i¼1

Fm; i; j; j ¼ x; y; or z ð4Þ

where Fm; i;j represents the component of the magnetic force due to magnetite

particle i interacting with the nanoparticle along direction j (i.e., j ¼ x; y; or z)

with N being the total number of magnetite particles in the system. To carry out

the transformation from the spherical to the Cartesian coordinate system several

steps are needed.

First, for each interaction between the nanoparticle and magnetite particle i

in the array, the origin of the Cartesian coordinates that define the position of the

nanoparticle (i.e., X*
p ; Y*

p ; and Z*
p in Fig. 2a) is relocated to the center of

magnetite particle i. Hence, for each individual case, the new coordinates of the

nanoparticle, X*
i ; Y*

i ; and Z*
i with respect to magnetite particle i are given by

X*
i ¼ X*

p 2 X*
m;i ð5aÞ

Y*
i ¼ Y*

p 2 Y*
m;i ð5bÞ

Z*
i ¼ Z*

p 2 Z*
m;i ð5cÞ

and shown in Fig. 2b. Now, as stated earlier, the field, Ha, lies in the y–z plane

and is inclined with an angle a with respect to the y-axis (i.e., angle 1 2 a with

respect to the z-axis). Under these circumstances, the field is not aligned with the

z-axis so that well-known formulas to convert between the spherical coordinate

system mentioned above and that represented by Eqs. (5a)–(5c) cannot be used

directly. To cope with this problem, an auxiliary system of Cartesian coordinates

is defined such that its new z 0-axis is set parallel to the applied field while keeping

its x 0-axis coincident to that of the Cartesian coordinate system in Fig. 2b (see

Fig. 3). In other words, the new Cartesian coordinate system is rotated clockwise,

1 2 a; around the x-axis of the old Cartesian system shown in Fig. 2b, i.e., the

components of the magnetic force of the old Cartesian coordinate system (i.e.,

Fm;i;x; Fm;i;y; Fm;i;z) are now related to those of the new auxiliary coordinate
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Figure 2. Representations of the paramagnetic nanoparticle and magnetite particle i in a

Cartesian coordinate system with the origin located at (a) the center of the square defined

in Fig. 1b, and (b) the center of magnetite particle i where Ha is parallel to the y–z plane

and inclined at an angle a with respect to the y-axis.
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system (i.e., Fm; i; x 0 ; Fm; i; y 0 ; Fm; i; z 0 ) through the application of the rotation matrix:

Fm; i; x

Fm; i; y

Fm; i; z

2
664

3
775

T

¼

Fm; i; x0

Fm; i; y0

Fm; i; z0

2
664

3
775

T
1 0 0

0 sina 2cosa

0 cosa sina

2
664

3
775 ð6Þ

Once this new Cartesian system is defined, adequate assignments for ui, fi,

and ri can be easily done, as shown in Fig. 4; and the components of the force in

Eqs. (3a) and (3b) (i.e., Fm;i;r; Fm;i;u) can be used to obtain those of the auxiliary

coordinate system according to the familiar transformation:

Fm; i; x0

Fm; i; y0

Fm; i; z0

2
664

3
775

T

¼

Fm; i; r

Fm; i; u

0

2
664

3
775

T sin ui cosfi sin ui sinfi cos ui

cos ui cosfi cos ui sinfi 2sin ui

2sinfi cosfi 0

2
664

3
775 ð7Þ

Equations (6) and (7) now provide the necessary relationships that

transform the components of the magnetic force in Eqs. (3a) and (3b) into the

Cartesian coordinate system shown in Fig. 1. However, the angles u and f, as

well as the distance between the centers r, are still not known a priori and must be

Figure 3. Representation of the paramagnetic nanoparticle and magnetite particle i in an

auxiliary Cartesian coordinate system that is rotated clockwise 1 2 a around the x-axis so

that the new z 0-axis is parallel to the magnetic field Ha.

EBNER, PLOEHN, AND RITTER3734

©2002 Marcel Dekker, Inc. All rights reserved. This material may not be used or reproduced in any form without the express written permission of Marcel Dekker, Inc.

MARCEL DEKKER, INC. • 270 MADISON AVENUE • NEW YORK, NY 10016

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
2
6
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



expressed in terms of known variables (i.e., X*
i ; Y*

i ; Z*
i ; and a ). Figure 5 depicts

a planar polygon conformed by corners A, B, C, and D that is contained in a plane

that is parallel to the y–z plane. The points E and F, inside AB and BC,

respectively, are inserted so that the straight lines EC and FD are, respectively,

parallel to sides DA and AB. With this arrangement, it is easy to show that the

angles ECB and FDC are identical to a and that the following trigonometric

relationships for ui and fi naturally follow:

cos ui ¼
AB

ri

¼
Z*

i sinaþ Y*
i cosa

ri

ð8Þ

sin ui ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 cos2ui

p
ð9Þ

cosfi ¼
OD

AO
¼

X*
i

ri sin ui

ð10Þ

sinfi ¼
AD

AO
¼ 2

Z*
i cosa2 Y*

i sina

ri sin ui

ð11Þ

Figure 4. Representation of the paramagnetic nanoparticle and magnetite particle i in a

spherical coordinate system defined relative to the auxiliary Cartesian coordinate system.
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where

ri ¼ ðX*2
i þ Y*2

i þ Z*2
i Þ0:5 ð12Þ

Note that the expression presented in Eq. (11) is preferred for evaluating

sinfi over the traditional trigonometric identity sinfi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 cos2fi

p
to cope

with the sign problems that arise from the symmetry of the above vectorial

transformations.

In summary, the components of the net force on the nanoparticle (i.e.,

Fm; x; Fm; y; Fm; z) created by the magnetite particle array are calculated from the

sum of the corresponding components of the individual magnetite particle and

nanoparticle pair interactions (i.e., Fm; i; x; Fm; i; y; Fm; i; z), which are obtained as

follows. First, with s, h, rm, and rp specified and based on the Cartesian

coordinate system of Fig. 1b, all the coordinates of the magnetite particles (i.e.,

X*
m; i; Y*

m; i; and Z*
m; i) and the nanoparticle (i.e., X*

p ; Y*
p ; and Z*

p ) are determined

from Eqs. (1a)–(1c), (2a)–(2c). Then, for every nanoparticle and magnetite

particle i pair, the origin is relocated at the coordinates of the magnetite particle

(i.e., at X*
m; i; Y*

m; i; and Z*
m; i), which defines new coordinates for the nanoparticle

Figure 5. Representation of the paramagnetic nanoparticle and magnetite particle i

highlighting polygon ABCD, which is parallel to the y–z plane and used for determining

Eqs. (8)–(11).
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(i.e., X*
i ; Y*

i ; and Z*
i ) according to Eqs. (5a)–(5c). With X*

m; i; Y*
m; i; and Z*

m;i

determined, and based on the spherical coordinate system depicted in Fig. 4, the

trigonometric functions of ui and fi, and ri are evaluated from Eqs. (8)–(12).

Finally, the desired components Fm; i; x; Fm; i; y; and Fm; i; z are obtained from the

formulas given for Fm; i; u and Fm; i;f in Eqs. (3a) and (3b), after carrying out the

linear transformation of Eq. (7) (which evaluates Fm; i; x 0 ; Fm; i; y 0 ; and Fm; i; z 0 )

followed by the linear transformation of Eq. (6).

RESULTS AND DISCUSSION

As done in previous studies,[2 – 4] the forces here are evaluated in

dimensionless form relative to the Brownian force by dividing their magnitude by

jkbT=apj; i.e.,

F*
m; j ¼

ap

kT

��� ���Fm; j ð13Þ

When the magnitude of this dimensionless expression is .. 1, the force on the

nanoparticle is strong enough to overcome any thermal motion, and absolute

value .10 is considered strong enough to dominate the randomizing effect of the

Brownian motion. Table 1 lists the values and ranges of the parameters utilized in

this model. Four main variables are considered: the angle a, the distance h

between the nanoparticle and the array, the distance between the magnetite

particles s, and the variables x and y, which represent the x and y-coordinates of

the nanoparticle in dimensionless terms, i.e.,

x ¼
X*

p

rmð1 þ sÞ
ð14aÞ

Table 1. Model Parameters and Ranges

Parameters

a 0–908

s 0.0–1.0

h (nm) 20–1,000

Ha (A m21) 2,387,319

Ms (A m21) 480,000

ap (nm) 160

rm (nm) 400

xp 250 £ 1026

xm 13 £ 1026
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y ¼
Y*

p

rmð1 þ sÞ
ð14bÞ

All other parameters are kept constant. For simplicity, the four magnetite

particles closest to the nanoparticle are referred to the location of their centers,

according to these dimensionless x, y-coordinates, as shown in Fig. 1b. In

addition, it is noteworthy that the magnetic susceptibility of the nanoparticle

corresponds to a weak paramagnetic species like CuO or PuO2.

Figures 6–8 show the variations of the components of the total magnetic

force (i.e., dimensionless forms of Fm; x; Fm; y; and Fm; z; respectively) that is

exerted on the nanoparticle as depicted in Fig. 1b and for different angles a of the

field. The four corners of the x–y plane of the figures [i.e., coordinate points

(21, 2 1), (1, 2 1), (1,1), and (21,1)] represent the x–y dimensionless

coordinates of the centers of each of the magnetite particles of Fig. 1b. These

results correspond to h ¼ 20 nm and s ¼ 0; with all other parameters fixed at the

values given in Table 1. The legend in each figure indicates the correspondence

between the sign of the particular component being analyzed and its actual

direction relative to the axis in the figure. The bold line on the surface of each 3-D

plot represents the location of unstable equilibrium in the x–y plane. This is

where the component of the total force on the nanoparticle is zero, but where the

potential energy of the interaction is maximum, forcing the nanoparticle to move

away from these positions in the direction of the components in question. In the

particular case of the z-component (i.e., Fig. 8), the bold line represents the

boundary between the repulsive (i.e., positive Fm, z) and attractive (i.e., negative

Fm, z) regions for the nanoparticle.

As the direction of the applied field Ha changes from a parallel

orientation to the y-axis (i.e., a ¼ 08) to a parallel orientation to the z-axis

(i.e., a ¼ 908), the shape of the surface representing the z-component of the

total force in Fig. 8 changes from a saddle-like shape (Fig. 8a) to a table-like

shape (Fig. 8g). Each situation is characterized by a large zone in the x–y

plane where attraction of the nanoparticle takes place. For the conditions

investigated here, the attractive magnetic force in this zone is strong enough

to overcome Brownian disruption (i.e., Fm;zrp=kbT , 210). These attractive

zones persist irrespective of the angle of the applied field, especially along

the lines connecting the magnetite particles placed at (x,y ) coordinates

(1, 2 1) and (21, 2 1) with those placed at (1,1) and (21,1), respectively.

As a changes from 0 to 908, these attractive zones move along these

connecting lines from the mid point (i.e., at y ¼ 0) towards the centers of the

particles (i.e., at y ¼ 21), which is where the attractive force reaches a

maximum. The region surrounding the saddle point at (0,0) in Fig. 8a is also

attractive for the nanoparticle and remains so while moving toward the

(0, 2 1) coordinate at inclination angles of the magnetic field as large as 608
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Figure 6. x-Component of the total magnetic force on the paramagnetic nanoparticle that

is exerted by the array of magnetite particles within the square defined in Fig. 1b for

different orientations of the magnetic field (i.e., a ), and for h ¼ 20 nm and s ¼ 0:0. All

other parameters are fixed and given in Table 1.
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Figure 7. y-Component of the total magnetic force on the paramagnetic nanoparticle that

is exerted by the array of magnetite particles within the square defined in Fig. 1b for

different orientations of the magnetic field (i.e., a ), and for h ¼ 20 nm and s ¼ 0:0. All

other parameters are fixed and given in Table 1.
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Figure 8. z-Component of the total magnetic force on the paramagnetic nanoparticle that

is exerted by the array of magnetite particles within the square defined in Fig. 1b for

different orientations of the magnetic field (i.e., a ), and for h ¼ 20 nm and s ¼ 0: All other

parameters are fixed and given in Table 1.
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(see Fig. 8e). Figure 7 shows that the y-component of the magnetic force on

the nanoparticle is stable for all the attractive regions described above,

whereas the thick lines at x ¼ 0 in Fig. 6 (x-component) indicate that at the

regions around the saddle points of the z-component in Fig. 8, the

nanoparticle experiences unstable equilibrium and tries to move away from

them in the x-direction.

Figure 9 shows the variation of the z-component of the total force at

different distances between the magnetite particles (i.e., s ¼ 0; 0.2, 0.6, and 1.0),

and for two different orientations of the applied field (a ¼ 0 and 908). As the

magnetite particles become farther apart, increasingly stronger repulsive (i.e.,

Fig. 9a) or attractive (i.e., Fig. 9b) forces are exerted on the nanoparticle when

placed at the centers of the magnetite particles (i.e., at (1,1), (1, 2 1), (21,1), and

(21, 2 1)). However, the opposite trend is observed when the nanoparticle is

placed in the middle regions between the magnetite particles (i.e., at (0,1),

(0, 2 1), (1,0), (21,0), and (0,0)), where the force on the nanoparticle tends to

vanish from being significantly attractive (i.e., Fig. 9a) or repulsive (i.e., Fig. 9b)

as the magnetite particles become farther apart. These two opposite trends due to

the orientation of the field give rise to an interesting compromise as to how the

separation between the magnetite particles enhances or weakens the attraction of

the nanoparticle. For example, in the case where the field is oriented parallel to

the y-axis (i.e., a ¼ 08), the more separated the magnetite particles are, the more

repulsive (or less attractive) the total force is on the nanoparticle anywhere in the

defined x–y region. Note how in this case the interactions become more repulsive

in the places where they are already repulsive (i.e., at the centers of the magnetite

particles), and they become less attractive in the places where they are already

attractive (i.e., at the middle regions between the magnetite particles). Exactly the

opposite behavior results when the field is oriented parallel to the z-axis (i.e.,

a ¼ 908). With larger distances between the magnetite particles, larger attractive

interactions are observed in the zones where the forces are already attractive (i.e.,

at the centers) and less repulsive interactions are observed where the forces are

already repulsive (i.e., at the middle regions). Of course, for all other orientations

of the magnetic field, the observed behavior on the nanoparticle lies somewhere

in between these two limits.

The consequence of these differing and opposing trends is that the distance

between the magnetite particles does not provide a clear advantage in the design

Figure 9. z-Component of the total magnetic force on the paramagnetic nanoparticle that

is exerted by the array of magnetite particles within the square defined in Fig. 1b for

different distances between the magnetite particles (i.e., s ), and for h ¼ 20 nm and (a)

a ¼ 08 and (b) a ¼ 908: All other parameters are fixed and given in Table 1.
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of a magnetite-containing magnetic matrix for use in a packed HGMS column,

because the angle a is distributed essentially randomly in such a situation. One

thing that is clear, however, is the smoothing effect on the force over the

nanoparticle that is caused by the close proximity of the magnetite particles. The

force is decreased where single magnetite–nanoparticle interactions are expected

to be strong, and increased where single magnetite–nanoparticle interactions are

expected to be weak. Nevertheless, it is remarkable that despite this smoothing

behavior, markedly strong magnetic forces still prevail, due to the presence of

each single magnetite particle. The strongest interactions are realized at the (1,1),

(1, 2 1), (21,1), and (21, 2 1) location, with somewhat weaker but still

significant interactions realized at the (0,1), (0, 2 1), (1,0), (21,0), and (0,0)

location due to the multimagnetite synergism where single magnetite–

nanoparticle interactions are expected to be weak. These results suggest,

consequently, that a dense composite matrix containing magnetite particles as the

magnetic media is entirely feasible, such as the 80 wt% magnetite–silica

composite material developed recently by Ritter and coworkers.[9]

An important question that naturally arises from these results concerns the

distance between the magnetite particles where the multi-particle effects of the

matrix vanish. In other words, at what separation between the magnetite particles

does the effect of the matrix diminish to the point where the interaction with the

nanoparticle is essentially that corresponding to a single magnetite particle.

Figures 10–12 answer this question by comparing each of the components of

the total force on the nanoparticle (i.e., Figs. 10a, 11a, and 12a), with the

z-component of the force resulting from a single magnetite particle (i.e., Figs.

10b, 11b, and 12b) at three different angles a (i.e., a ¼ 0; 45, and 908),

respectively. For the array, the z-component of the force is plotted within the

square defined by the center of the magnetite particle at coordinate (21, 2 1),

the middle points between it and its neighboring magnetite particles (i.e., at

(21,0) and (0, 2 1)), and the coordinate (0,0) (see Fig. 1b). In Figs. 10b, 11b, and

12b, the single magnetite particle is assumed to be located at the same position of

the magnetite particle in Figs. 10a, 11a, and 12a (i.e., at (21, 2 1)). Notice how

the surface-plots of the multi and single magnetite particles become nearly

identical as s approaches 1.0 (i.e., as the magnetite to magnetite distance

approaches two diameters). Hence, at distances larger than about two magnetite

particle diameters, the nanoparticle effectively interacts only with one magnetite

particle in the array, no matter what the orientation of the magnetic field be.

The importance of the surface-to-surface distance between the nanoparticle

and the plane that is tangent to the surface of the magnetite particle array (i.e., h )

on the force is disclosed in Fig. 13. Here, the variation of the z-component of the

total force on the nanoparticle is plotted as a function of h for different values of s

at four different values of a and at three different x–y coordinates (i.e., (0,0),

(21,0), and (21, 2 1). The graphs are characterized by the existence of strong
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Figure 10. z-Component of the total magnetic force on the paramagnetic nanoparticle

that is exerted by (a) the array of magnetite particles, and (b) a single magnetite particle at

(21, 2 1) within the vicinity of the (x,y ) coordinate (21, 2 1) for different separations of

the magnetite particles (i.e., s ) and for h ¼ 20 nm and a ¼ 08: All other parameters are

fixed and given in Table 1.
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Figure 11. z-Component of the total magnetic force on the paramagnetic nanoparticle

that is exerted by (a) the array of magnetite particles, and (b) a single magnetite particle at

(21, 2 1) within the vicinity of the (x,y ) coordinate (21, 2 1) for different separations of

the magnetite particles (i.e., s ) and for h ¼ 20 nm and a ¼ 458: All other parameters are

fixed and given in Table 1.
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Figure 12. z-Component of the total magnetic force on the paramagnetic nanoparticle

that is exerted by (a) the array of magnetite particles, and (b) a single magnetite particle at

(21, 2 1) within the vicinity of the (x,y ) coordinate (21, 2 1) for different separations of

the magnetite particles (i.e., s ) and for h ¼ 20 nm and a ¼ 908: All other parameters are

fixed and given in Table 1.
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forces in all of these conditions, but that decay rapidly within a surface-to-surface

separation (i.e., h ) of about 600 nm. It is particularly interesting, however, to

observe that the same smoothing effects that caused the results discussed earlier

are responsible for the leveling off of the forces at larger separations, which is

especially evident when the magnetite particles are in contact. This minor

variation with separation (i.e., flatness) and the fact that the forces are rather

Figure 13. z-Component of the total magnetic force on the paramagnetic nanoparticle as

a function of h for different distances between the magnetite particles (i.e., s ¼ 0:0; 0.2,

0.6, and 1.0) and orientations of the magnetic field (i.e., a ) at the (x,y ) coordinate (a) (0,0),

(b) (21,0), and (c) (21, 2 1). All other parameters are fixed and given in Table 1.
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small (i.e., Fm;zrp=kbT , 5) is mainly a consequence of the smaller curvature

associated with the entire array, which due to the close proximity among the

magnetite particles, essentially behaves as a single large magnetite particle.

Moreover, notice how this effect rapidly vanishes when the magnetite particles

start to separate (i.e., at larger s values). For the nanoparticles studied here, and in

general for any nanoparticle of a smaller size, these particular magnetic forces do

not overcome the Brownian motion (due to the small values of Fm;zrp=kbT).

Nevertheless, since the magnetic forces are strongly dependent on the size of the

nanoparticle,[2 – 4] magnitudes of the forces in the second zone are expected to be

strong enough to retain particles of a size comparable to that of the whole array.

Consequently, the above results strongly suggest that a magnetite-containing

magnetic matrix should not only be capable of attracting and retaining

nanoparticles, but it should also be capable of removing larger particles with sizes

in the order of a few microns. This is not necessarily the case for a single

magnetite particle; hence, this result could not have been realized in the previous

single magnetite particle studies.

As a concluding point, it is important to emphasize that, in general, both the

magnetite and the nanoparticles contain acidic and basic groups that lead to the

formation of charged surfaces when submerged in aqueous solutions.

Consequently, the magnetic interactions discussed earlier are easily overcome

by electrostatic interactions between these two species, if special precautions are

not taken.[2,4] Fortunately, the range over which the electrostatic forces operate is

strongly dependent on the concentration of the background electrolyte in

solution; therefore, they are easily controlled. For example, at concentrations

higher than 0.01 M of a symmetric 1:1 background electrolyte, the electrostatic

interactions are suppressed and ineffective at values of h greater than 30 nm. This

permits the magnetic forces, with magnitudes typical of that observed in this

work, to operate over a range of h where the nanoparticles are effectively

attracted to and retained by the magnetite array.[4]

CONCLUSIONS

The magnetic force between a paramagnetic nanoparticle and a 3-D array

of magnetite particles was investigated. Three important parameters were

studied: the separation between the magnetite particles in the array, the

orientation of the magnetic field, and the distance between the nanoparticle and

the surface of the magnetite array. Independent of the orientation of the magnetic

field, zones of attractive interactions between the array and the nanoparticle were

always present, and they moved along the lines of centers between the magnetite

particles that were parallel to the plane of the field. This was not the case in the

single magnetite particle studies, where repulsive zones also existed for certain
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orientations of the magnetic field. However, compromising effects were observed

as a consequence of the effect of the array. For example, when the magnetic field

was parallel to the face of the array (i.e., a ¼ 08), the attractive zones were

located in the middle points of the line of centers, and the force on the

nanoparticle was enhanced as the magnetite particles became closer to each. This

indicated that the neighboring magnetite particles played a positive role in

increasing the attractive force on the nanoparticle. In contrast, when the magnetic

field was perpendicular to the face of the array (i.e., a ¼ 908) the attractive zones

were located just in front of each magnetite particle and in this case the force

became stronger with larger, as opposed to smaller, separations between the

magnetite particles. This indicated that the neighboring magnetite particles

played a negative role in decreasing the attractive force on the nanoparticle. Both

situations were consequence of the so-called smoothing effect associated with the

array. For any other angle of the magnetic field, compromising trends in between

these two extremes were observed. Nevertheless, at separations larger than two

magnetite diameters between the magnetite particles, the force on the

nanoparticle was essentially that due to just one of the magnetite particles in

the array; therefore, the smoothing effect of the array was lost. In general, as long

as the magnetite particles are less than two diameters apart, when the distance

between the nanoparticle and the array increases from zero to great distances (i.e.,

h . 600 nm), the magnetic force changes from being strong, which results from

the curvature of a single magnetite particle, to being weak and particularly flat

when magnetite particles are in contact with each other. This latter situation is

when the magnetite particle behaves as one much larger particle (i.e., small

curvature). Although for the nanoparticle studied here, these forces at large

separations were insufficient to secure retention, they are expected to be

sufficiently strong for retention of particles that are of sizes comparative to the

size of the array. Overall, these results suggested that a magnetic matrix,

comprising clumps of magnetite particles, should be effective at attracting and

retaining not only nanoparticles down to 40 nm in radius due to individual

magnetite-particle effects, but also nanoparticles with radii in the order of a few

microns due to multi-magnetite particle effects. In contrast, a typical stainless

steel wire matrix would have difficulty attracting and retaining such small,

weakly paramagnetic nanoparticles in an HGMS process.

NOMENCLATURE

F*
m;i j-coordinate of the dimensionless magnetic force between the

paramagnetic nanoparticle and the array of magnetite particles

applied to the system of coordinates x, y, and z (N)
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Fm,i j-coordinate of the magnetic force between the paramagnetic

nanoparticle and the array of magnetite particles applied to the

system of coordinates x, y, and z (N)

Fm, i, j j-coordinate of the magnetic force between the paramagnetic

nanoparticle and magnetite particle i applied to any system of

coordinates (N)

Fm,r radial component of the magnetic force between a magnetite

particle and a paramagnetic nanoparticle with the origin at the

center of the magnetite particle (N)

Fm,u angular component of the magnetic force between a magnetite

particle and a paramagnetic nanoparticle with the origin at the

center of the magnetite particle (N)

h surface-to-surface distance between the paramagnetic

nanoparticle and the plane that is tangent to the top layer of the

magnetite particles in the array and parallel to the x–y plane (m)

Ha vector form of the externally applied magnetic field (A m21)

Ha scalar form of the externally applied magnetic field (A m21)

kb Boltzmann constant, 1:3807 £ 10223 (J K21)

ki index corresponding to magnetite particle i in the x-direction

li index corresponding to magnetite particle i in the y-direction

mi index corresponding to magnetite particle i in the z-direction

Ms saturation magnetization of magnetite (A m21)

N number of magnetite particles in the array

r center-to-center distance between the paramagnetic

nanoparticles and a magnetite particle; radial coordinate in

the spherical coordinate system (m)

rm radius of a magnetite particle (m)

rp radius of a paramagnetic nanoparticle (m)

s ratio between the surface-to-surface distance between the

magnetite particles and their diameter

T temperature (K)

Vp volume of the paramagnetic nanoparticle (m3)

x dimensionless form of X*
p according to Eq. (14a)

X*
i x-coordinate of the paramagnetic nanoparticle relative to the

center of magnetite particle i (m)

X*
m;i x-coordinate of magnetite particle i with respect to the origin

defined in Fig. 2b (m)

X*
p x-coordinate of the paramagnetic nanoparticle with respect to

the origin defined in Fig. 2b (m)

X
0*
i x-coordinate of the paramagnetic nanoparticle relative to the

center of magnetite particle i, in the auxiliary Cartesian

coordinate system depicted in Fig. 3 (m)
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y dimensionless form of Y*
p according to Eq. (14b)

Y*
i y-coordinate of the paramagnetic nanoparticle relative to the

center of magnetite particle i (m)

Y*
m;i y-coordinate of the magnetite particle i with respect to the

origin defined in Fig. 2b (m)

Y*
p y-coordinate of the paramagnetic nanoparticle with respect to

the origin defined in Fig. 2b (m)

Y
0*
i y-coordinate of the paramagnetic nanoparticle relative to the

center of magnetite particle i, in the auxiliary Cartesian

coordinate system depicted in Fig. 3 (m)

Z*
i z-coordinate of the paramagnetic nanoparticle relative to the

center of magnetite particle i (m)

Z*
m;i z-coordinate of the magnetite particle i with respect to the

origin defined in Fig. 2b (m)

Z*
p z-coordinate of the paramagnetic nanoparticle with respect to

the origin defined in Fig. 2b (m)

Z
0*
i z-coordinate of the paramagnetic nanoparticle relative to the

center of magnetite particle i, in the auxiliary Cartesian

coordinate system depicted in Fig. 3 (m)

a angle between the y-axis and the applied magnetic field Ha, in

the plane parallel to the z–y plane as depicted in Fig. 1

xm volumetric magnetic susceptibility of the medium

xp volumetric magnetic susceptibility of the paramagnetic

nanoparticle

fi azimuthal angular coordinate in the spherical coordinate

system defined in Fig. 4, with the origin at the center of

magnetite particle i

m0 magnetic permeability of free space, 4p £ 1027 (T m A21)

u angular coordinate in the spherical coordinate system

ui polar angular coordinate in the spherical coordinate system

defined in Fig. 4, with the origin at the center of magnetite

particle i
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